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Abstract. The Hamilton-Jacobi equation for a Hamiltonian section on a Lie affgebroid is 
introduced and some examples are discussed. 



1. Introduction 

Recently, in [7] (see also [§]) the authors developed a Hamiltonian description of Mechanics 
on Lie algebroids. If te '■ E — > M is a Lie algebroid on M then, in this description, the 
role of the cotangent bundle of the configuration manifold is played by the _E-tangent bundle 
T E E* to E* (the prolongation of E over t% : E* — > M in the terminology of 7 ). One 
may construct the canonical symplectic 2-section associated with the Lie algebroid £ as a 
closed non-degenerate section fi^ of the vector bundle f\ 2 {T E E*)* — > E*. Then, given a 
Hamiltonian function H : E* — > R, the Hamiltonian section associated with -ff is the section 
of T E E* — > _E* characterized by the equation i£ H Q>E = d T E H, d T E being the differential 
of the Lie algebroid T E E* — > £"\ The integral sections of are the solutions of the Hamilton 
equations for H. In fact, these solutions are just the integral curves of the Hamiltonian vector 
field of H with respect to the linear Poisson structure on E* associated with the Lie algebroid 
E. 

Using the canonical symplectic section Qe, one may also give a description of the Hamilto- 
nian Mechanics on the Lie algebroid E in terms of Lagrangian submanifolds of symplectic Lie 
algebroids (see 7 ) . An alternative approach, using the linear Poisson structure on E* and the 
canonical isomorphism between T*E and T*E* was discussed in 0]. 

In 0, the authors also introduced the Hamilton-Jacobi equation for a Hamiltonian function 
H : E* — > ffi and they proved that knowing one solution of the Hamilton-Jacobi equation 
simplifies the search of trajectories for the corresponding Hamiltonian vector field. 
On the other hand, in ^1 a possible generalization of the notion of a Lie algebroid to affinc 
bundles is introduced in order to create a geometric model which provides a natural framework 
for a time-dependent version of Lagrange equations on Lie algebroids (see also The 
resultant objects are called Lie affgebroid structures (in the terminology of |2])- If ta '■ A — > M 
is an affme bundle modelled on the vector bundle ry : V — > M, ta+ '■ A + = Aff(A,M) — * M 
is the dual bundle to A and A = (A + )* is the bidual bundle, then a Lie affgebroid structure 
on A is equivalent to a Lie algebroid structure on A such that the distinguished section 1a 
of ta+ '■ A + — > M (corresponding to the constant function 1 on A) is a 1-cocycle in the Lie 
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algebroid cohomology complex of A. Now, if h : V* — > A + is a Hamiltonian section (that is, h 
is a section of the canonical projection p : A + — > V*) then one may construct a cosymplectic 
structure (Oft,, 77) on the prolongation of A over the fibration t v : V* — > M and one may 
consider the Reeb section i?^ of (Oft,ry). The integral sections of are just the solutions of 
the Hamilton equations for h (see 0^]). Alternatively, one may prove that the solutions of 
the Hamilton equations for h are the integral curves of the Hamiltonian vector field of h on 
V* with respect to the canonical aff-Poisson structure on the line affine bundle p : A + — > V* 
(see jB])- Aff-Poisson structures on line affine bundles were introduced in (see also 0) as 
the affine analogs of Poisson structures. The existence of an aff-Poisson structure on the affine 
bundle p : A + — > V* is a consequence of some general results proved in [3]. 
The aim of this paper is to introduce the Hamilton- Jacobi equation for a Hamiltonian section 
h and, then, to prove that knowing one solution of the Hamilton- Jacobi equation simplifies the 
search of trajectories for the corresponding Hamiltonian section (see Theorem 14. It . 
The paper is organized as follows. In Section 2, we recall some definitions and results about 
Lie algebroids and Lie affgebroids which will be used in the rest of the paper. The Hamiltonian 
formalism on Lie affgebroids is developed in Section 3. The Hamilton- Jacobi equation for a 
Hamiltonian section on a Lie affgebroid A is introduced in Section 4 and, then, we prove the 
main result of the paper (see Theorem 14. 1J) . Some examples are discussed in the last section 
(Section 5). In particular, if A is a Lie algebroid then we recover the Hamilton- Jacobi equation 
considered in J7| (see Example 15. 1|) . When A is the 1-jet bundle of local sections of a trivial 
fibration t:MxP^M then the Hamiltonian section h may be considered as a time-dependent 
Hamiltonian function H : K x T*P — > K and the resultant equation is just the classical time- 
dependent Hamilton- Jacobi equation (see Example 15. 2(1 . Finally, we obtain some results about 
the Hamilton-Jacobi equation on the so-called Atiyah affgebroid associated with a principal 
G-bundle p : Q — > M and a fibration v : M — ► M (see Example 15. 311 . 



2.1. Lie algebroids. Let E be a vector bundle of rank n over the manifold M of dimension 
m and te ■ E — > M be the vector bundle projection. Denote by T(te) the C°° (M)-modulc 
of sections of te '■ E — * M . A Lie algebroid structure ([•, -Je, Pe) on E is a Lie bracket [•, -\e 
on the space T(te) and a bundle map pe '■ E —> TM, called the anchor map, such that if we 
also denote by pe ■ T{te) ~* X(M) the homomorphism of C°° (M)-modules induced by the 
anchor map then [X,fYj E = f[X,Y\ E + p E (X)(f)Y, for X,Y G T(t e ) and / G C°°(M). 
The triple (E, [•, -Je, Pe) is called a Lie algebroid over M (see 8 ). In such a case, the anchor 
map pe ■ F(t~e) — * -£(M) is a homomorphism between the Lie algebras (T(te), [•, -}e) and 



(X(M), [-,.]). 

If (E, [•, -Je, Pe) is a Lie algebroid, one may define a cohomology operator which is called the 
differential of E, d E : T(A fc r*) — ► F(A fc+1 r*), as follows 



2. Lie algebroids and Lie affgebroids 
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for n G T(A k T E ) and X ,...,X k G T(t e ). Moreover, if X G T(t e ), one may introduce, in a 
natural way, the Lie derivate with respect to X, as the operator C x : T(A k T E ) — > T(A k T E ) 
given by C E — ix ° d E + d E o i x . 

If is the standard Lie algebroid TM then the differential d E = d™ is the usual exterior 
differential associated with M, which we will denote by do. 

If we take local coordinates (x 1 ) on M and a local basis {e a } of sections of E, then we have the 
corresponding local coordinates (x l 1 y a ) on E, where y a (a) is the a-th coordinate of a G E in 
the given basis. Such coordinates determine local functions p l a , Cf^a on M which contain the 
local information of the Lie algebroid structure, and accordingly they are called the structure 
functions of the Lie algebroid. They are given by 

d 

ig^i l^a, o/JJl/s — 



pE{e a ) = PaT— and [e a , epls = CI 



If / G C°°{M), we have that 



where {e a } is the dual basis of {e a }. On the other hand, if 9 G r(r^) and = 6> 7 e 7 it follows 
that 

For a Lie algebroid (E, [■, -]e,Pe) over M we may consider the generalized distribution T E on 
M whose characteristic space at point x S M is given by J 7 (x) = pe{E x ), where E x is the 
fibre of E over x. The distribution T E is finitely generated and involutive. Thus, T E defines a 
generalized foliation on M in the sense of Sussmann |14| . T E is the Lie algebroid foliation on 
M associated with E. 

Note that if / G C°°(M) then d E f = if and only if / is constant on the leaves of T E . 
Now, suppose that {E,[-,-\e,Pe) an d {E' ,\-,-\e',Pe') are Lie algebroids over M and M', 
respectively, and that F : E — > £" is a vector bundle morphism over the map / : M — > M'. 
Then (F, /) is said to be a Lie algebroid morphism if 

= {F,f )*(d E '<j>'), for 0' G F(A* ; (r £ ;0*) and for all fc. 

Note that (F, /)*<£' is the section of the vector bundle A k E* — > A/ defined by 

((F, /)*0')*(ai. • • • , a*) = • • • » ^(ofc)), 

for x G M and ai,...,afc G F^. If (F, f) is a Lie algebroid morphism, / is an injective 
immersion and F\e x : E x — ► > is injective, for all a; G Af, then (£7, [■, is said to be 

a Lie subalgebroid of (2?', [•, Pb')- 

2.1.1. TTie prolongation of a Lie algebroid over a fibration. In this section, we will recall the 
definition of the Lie algebroid structure on the prolongation of a Lie algebroid over a fibration 
(see 0EJ). 

Let (E, [•, -Je, Pe) be a Lie algebroid of rank n over a manifold M of dimension m with vector 
bundle projection te : E — > M and it : M' — > M be a fibration. 

We consider the subset T E M' of F x TM' and the map rg : T B Af' -> M ' defined by 
T E M' = {(b,v') G E x TM'/p E (b) = (T*)(v% r%(b,v') = tt^^'). 
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where Ttt : TM' — * TM is the tangent map to 7r and ttm 1 ■ TM' — » M' is the canonical 
projection. Then, Tg : T E M' — > M' is a vector bundle over M' of rank n + dim A/' — m which 
admits a Lie algebroid structure ([•, -Je^Pe) characterized by 

{(X O 7T, [/'), (Y O 7T, V')]e = ([X, y] B O 7T, [C7', V']), ^(X O 7T, [/') = U' , 

for all I,F6 r(r£;) and £/', V vector fields which are 7r-projectable to pe{X) and pe(Y), res- 
pectively. (T E M' , [•, 'Jg, p E ) is called </ie prolongation of the Lie algebroid E over the fibration 
ir or the E -tangent bundle to M' (for more details, see jSICI)- 

Next, we consider a particular case of the above construction. Let E be a Lie algebroid over a 
manifold M with vector bundle projection te '■ E — > M and T E E* be the prolongation of E over 
the projection t e : E* — > M. T E E* is a Lie algebroid over _E* and we can define a canonical 
section A £ of the vector bundle (T E E*)* -» as follows. If a* e and (M) <E (T E E*) a * 
then 

(2.2) As(o*)(6,t;) = o*(6). 

Ag is called the Liouville section associated with the Lie algebroid E. 

Now, one may consider the nondegenerate 2-section VLe = —d r E Xe of T E E* — > E 1 *. It is 
clear that c£ T B fig = 0. In other words, He is a symplectic section, fig is called i/ie canonical 
symplectic section associated with the Lie algebroid E. 

Suppose that (a; 1 ) are local coordinates on an open subset U of M and that {e a } is a local 
basis of sections of the vector bundle t e 1 {U) — > U as above. Then, {e Q , e Q } is a local basis of 
sections of the vector bundle (t e ^)' 1 ((t e )- 1 {U)) -> (r^)- 1 ^), where r^f : T E E* -> E* is 
the vector bundle projection and 

e a (a*) = (e a (r E (a*)),pi^- ii ), e a (a*) = (0,^- ). 

ex | a * oy Q | a . 

Here, (x l ,y a ) are the local coordinates on E* induced by the local coordinates (x l ) and the 
dual basis {e°} of {e a }. Moreover, we have that 

r* t * d d 

\e a ,epf£ = CZp&y, \e a , e f£ = [e a , = 0, p T £{e a )= p % a — v p E E (e a )=—, 

and 

(2.3) A B (x\y Q ) =2/ Q g Q , tt B (x\ ffa ) = e Q A e Q + \cT a ^l a A e", 
(for more details, see [7||5]). 

2.2. Lie affgebroids. Let ta '■ A — ► M be an affine bundle with associated vector bundle 
ry : V" -> M. Denote by t a + : A+ = Aff(A, M) -> M the dual bundle whose fibre over a; 6 M 
consists of affine functions on the fibre A x . Note that this bundle has a distinguished section 
1a £ T(t4+) corresponding to the constant function 1 on A. We also consider the bidual bundle 
t-j : A — > M whose fibre at a; £ M is the vector space A x = (A x )* . Then, A may be identified 
with an affine subbundle of A via the inclusion iA '■ A — > A given by i^(a)(<^) = y(a), which 
is injective affine map whose associated linear map is denoted by iy : V — » A. Thus, V may 
be identified with a vector subbundle of A. Using these facts, one can prove that there is a 
one-to-one correspondence between affine functions on A and linear functions on A. On the 
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other hand, there is an obvious one-to-one correspondence between affine functions on A and 
sections of A + . 

A Lie affgebroid structure on A consists of a Lie algebra structure [•, -]y on the space L(ry) of 
the sections of ry : V — > M, a R-linear action D : T(ta) x r(ry) — * L(ry) of the sections of A 
on r(ry) and an afhne map pa ■ A — ► TM, the anchor map, satisfying the following conditions: 

• D X [Y,Z} V = lD x Y,Z} v + lY,D x Zlv, 

. D X+9 Z = D X Z + \Y,Z\ V , 

. D x (fY) = fD x Y + p A (X)(f)Y, 

for X G T(t a ), Y,Z G T{t v ) and / G C°° (M) (see 0G3]). 

If ([•, -]y, D, pa) is a Lie affgebroid structure on an affine bundle A then (V, [•, -]y , pv) is a Lie 
algebroid, where py : V — > TM is the vector bundle map associated with the afhne morphism 
p A : A -» TM. 

A Lie affgebroid structure on an afhne bundle t A '■ A —> M induces a Lie algebroid structure 
([•, -JaiPa) on * ne bidual bundle A such that 1a G L(r yl +) is a 1-cocycle in the corresponding 
Lie algebroid cohomology, that is, cL a 1a = 0. Indeed, if Xq G L(ta) then for every section X 
of ^4 there exists a unique function / G C°°(M) and a unique section X G r(ry) such that 
A = /A + A and 

PI (/A + A) = /p A (Ao) + py(A), 
lfX +X,gX + YjA = (pv(X)(g)-pv(Y)(f) + fp A (X )(g) 

-gp A (X )(f))X + [A, Yj v + fD Xo Y - gD Xo X. 

Conversely, let (JJ,\-,-\uiPu) be a Lie algebroid over M and <fi : U — > R be a 1-cocycle of 
([/, [•, -]c/,pc/) such that ^ 0, for all x G M. Then, A = ^^H 1 } 

is an afhne bundle over 

M which admits a Lie affgebroid structure in such a way that (U, [■,■][/, pu) may be identihed 
with the bidual Lie algebroid (A, [•, ■Ji,/?!) to A and, under this identification, the 1-cocycle 
1a '■ A — > K is just 4>. The affine bundle ta ■ A — » M is modelled on the vector bundle 
ry : V = _1 {O} — > M. In fact, if iy : V — > J7 and : ^4 — > {7 are the canonical inclusions, 
then 

iyo[A,F]y - llv°X,t v oY]u, i v oD x Y ={i A oX,l v oY\ u , 

Pa{X) = pu(i A °X), 
for X,Y G r(ry) and A e T(t a ) (for more details, see |51ITT]L 

A trivial example of a Lie affgebroid may be constructed as follows. Let r : M — > R be a fibration 
and t^o : J : r ^ M be the 1-jet bundle of local sections of t : M — > R. It is well known that 
n,o : — > M is an afhne bundle modelled on the vector bundle tt = (ttm)\Vt '■ V T M, 
where Vt is the vertical bundle of r : M — > R. Moreover, if t is the usual coordinate on R and 
?7 is the closed 1-form on M given by rj = r*(dt) then we have the following identification 

JV TM/t)(v) = 1} 

(see, for instance, [13 ). Note that Vt = {v G TM/r)(v) = 0}. Thus, the bidual bundle J x r to 
the affine bundle ri^ : J x t — > M may be identified with the tangent bundle TM to M and, 
under this identification, the Lie algebroid structure on ttm '■ TM — > M is the standard Lie 
algebroid structure and the 1-cocycle 1 ji r on ttm '■ TM — > M is just the closed 1-form 77. 
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3. Hamiltonian formalism on Lie affgebroids 

3.1. A cosymplectic structure on T A V*. Suppose that (ta '■ A — > Af, ry : V — > M, ([•, -Jy, 
D,pa)) is a Lie affgebroid and let (T A V* , [•, 'Ijj'j/ 9 ?'') be the prolongation of the bidual Lie 
algebroid (A, [•, -IjJ, p^) over the fibration t v : V* — ► M. In this section, we are going to 
construct a cosymplectic structure on T A V* using the canonical symplectic section associated 
with the Lie algebroid A and a Hamiltonian section (this construction was done in jHj). 
Let (x l ) be local coordinates on an open subset U of M and {eo, e a } be a local basis of sections of 
the vector bundle T j(U) — * U adapted to the 1-cocycle 1a (that is, 1a (eo) = 1 and 1,4 (e Q ) = 0, 
for all a) and such that 

d d 

(3-1) le ,e a j A = C n r a e 7 , [e a , ep]^ = C^&y, p A (e Q ) = p\ — , P^(e Q ) = pL^- 

Denote by (x l ,y° 1 y a ) the corresponding local coordinates on ^4 and by (x 1 7 yo,y a ) the dual 
coordinates on the dual vector bundle ta+ ■ A + — ► M to A. Then, (x z , y a ) are local coordinates 
on V* and {eo, e a , e a } is a local basis of sections of the vector bundle r~ v : T^U* — > V*, where 



(3.2) g (^) = ( eo ( r *(V,)),4 — g a ( V ,) = (e a (4(^)),p l a ^ | ^), ^ = (0,^ ). 

Using this local basis one may introduce local coordinates {x l , y a ; z , z a ,v a ) on T A V*. A direct 
computation proves that 

[e 0) e>] ~ v = C^&y, [e a , e^] ~ y = C^e-y, 
[So.eJ? = l^epjf = [e a ,e p ] r J = 0, 

for all a and /3. Thus, if {e°, e a , e"} is the dual basis of {eo, e a , e a } then 

(33 ) ; " P0 ^ 6 +Pa dx* C + dy a 6 ' 

d^'e* = -ic V°Ae a -ic^e a Ae^ d r ^*e~° = d^ v V = 0, 

for / G C°°(F*). 

Let n : A + — ► U* be the canonical projection given by p(<p) = tp , for 93 G A+, with x G M, 
where G V^ 1 is the linear map associated with the affine map (p and h : V* — > A + be a 
Hamiltonian section of /i, that is, /x o h = Id. 

Now, we consider the Lie algebroid prolongation T A A + of the Lie algebroid A over T4+ : 
A + — » M with vector bundle projection : T A yl + — > A + (see Section P2.1.1L Then, we 

may introduce the map Th : T A V* -> T^A+ defined by Th(a,X a ) = (a,(T a h)(X a )), for 
(a, X Q ) G (T" 4 ^*)^, with a G V*. It is easy to prove that the pair (Th,h) is a Lie algebroid 
morphism between the Lie algebroids t t ~' : T A V* — » U* and t~ a+ : T A A+ — > A+. 
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Next, denote by Ah and the sections of the vector bundles (T A V*)* — » V* and A 2 (T A V*)* — ► 
V* given by 

(3.4) X h = {Th,h)*(X x ), n h = (Th,h)*(n A ), 

where A^ and £1^ are the Liouville section and the canonical symplectic section, respectively, 

associated with the Lie algebroid A. Note that Qh = —d r v Xh- 

On the other hand, let r? : T A V* -> R be the section of (T A V*)* -> defined by 

(3.5) r)(a,X a ) = 1a(o), 

for (a,X a ) S (T A F*) Q , with a e V"*. Note that if pr% : T A V* — ► A is the canonical projection 
on the first factor then (pri, Ty) is a morphism between the Lie algebroids t~ v : T^V* — ► V* 
and : A — > M and (pri,Ty-)*(l J 4.) = f]. Thus, since 1a is a 1-cocycle of tt : A — > M, we 
deduce that r\ is a 1-cocycle of the Lie algebroid t~ v ' : T A V* — ► V*. 

Suppose that h(x l ,y a ) = (x l , — H(x^, yp),y a )- Then ?y = e° and, from (|2.3|1 . (|3.4J) and the 
definition of the map Th, it follows that 

1 r) TJ f)TJ 

(3.6) Q h = P A e 7 + -C> a ^ A + (^ — - C^y a )P A e° + — e< A e°. 



Thus, it is easy to prove that the pair [Q,h,rj) is a cosymplectic structure on the Lie algebroid 
T-f :T A V* ->V*, that is, 

A 

{r}An h A..S n ---AQ h }(a)^0, for all aeV*, 

dF iv * v = Q, d TAv *n h = o. 

Remark 3.1. Let T V V* be the prolongation of the Lie algebroid V over the projection t v : 
V* — » M. Denote by Ay and fiy the Liouville section and the canonical symplectic section, 
respectively, of V and by (i Vl Id) : T V V* — ► T A V* the canonical inclusion. Then, using (|2.2I) . 
(|3.4|l , H3.5(l and the fact that // o h = Id, we obtain that 

(i v ,Id)*(X h ) = X v , {i v ,Id)*{ri)=Q. 

Thus, since (zy, Id) is a Lie algebroid morphism over the identity of V* , we also deduce that 

(i v ,id)*(n h ) = ny 



Now, given a section 7 of the dual bundle V* to V, we can consider the morphism (T7, 7) 

n> • 
4 ' 

r 7 



between the vector bundles t~. : A ^> M and r~ v : T A V* — > V 



.4 



A/ 



defined by T 7(a) = (a, (T x j)(p^(d))), for a e A x and a; 6 M. 
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Theorem 3.2. If 7 is a section of the vector bundle t v : V* — » M then the pair (7~"f,j) is a 
morphism between the Lie algebroids (A, [•, 'IjjiP^) o,nd {T A V* 1 [•, '\j iP^^)- Moreover, 

(r 7 , 7 )*\ h = ho 1: (r 7 , 7 )*(n fc ) = -d 3 (ft o 7 ). 

Proof. Suppose that (a;*) are local coordinates on M, that {eo,e a } is a local basis of T(tt) 
adapted to I a and that 

7 = 7 a e Q , 

with 7q local real functions on M and {e°, e a } the dual basis to {eo, e a }. Denote by {eo, e Q , e a } 
the corresponding local basis of r(r~ v ). Then, using 1|3.2[1 . it follows that 

T7 o e = (e + Po-g^i e i>) 7, T 7 o e Q = (e Q + P a -Q~[ e u) 7, 

for a G {1, . . . , n}, p , p l a being the components of the anchor map of A with respect to the 
local coordinates {x l ) and to the basis {eo,e a }. Thus, 

(T 7 , 7 )*(e ) = e°, (T 7 , 7 )*(g Q ) = e Q , 
(*7,7)'(e") = Ph^+p^ = d^ a , 
where {e°, e Q , e a } is the dual basis to {eo, e a , e a }. 

Therefore, from (|2.1|) . 13. 1|) and H3.3[l . we obtain that the pair (T 7 , 7 ) is a morphism between 
the Lie algebroids A -> M and T^F* -> V*. 

On the other hand, if a; is a point of M and a E A x then, using l|2.2[) . we have 

((T 7 , 7 )*A h )(a:)(a) = ((T7, j)*(Th, h)*X^)(x)(a) = ((T(h o 7), ft o 7 )*A A )(a ; )(a) 
= A I (ft( 7 ( 3 :)))(a ! T(ft o 7)fo(5))) = (ft o 7 )(x)(a) 

that is, 

(T7, 7 )*A/j = fto 7 . 

Consequently, since 17^ = — c? rAl/ A^ and (T 7 , 7 ) is a morphism between the Lie algebroids A 
and T-V*, we deduce that 

(T 7 , 7 )*(^) = -d I (fto 7 ). 

□ 



3.2. The Hamilton equations on a Lie affgebroid. Let ft : V* — > A + be a Hamiltonian 
(rift , 77) on T A y*. Rh is characterized by the following conditions 



section of p : A + — ► V* and Rh <E r(-r~ v ) be the Reeb section of the cosymplectic structure 



in h fth = and i Rh t] = 1. 
With respect to the basis {eo, e a , e a } of r(r~ v ), i?^ is locally expressed as follows: 

dH _ , _ Sff . aff ^ 7 . 

= e ° + " {Ca ^W, +Pa d?~ c ^ )ea - 
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Thus, the integral sections of Rh (i.e., the integral curves of the vector field p T ~f (Rh)) satisfy 
the following equations 

dx l _ i dH i dy a _ i dH 7 7 dH 

for i £ {1, . . . , to} and a G {1, . . . , n}. These equations are called the Hamilton equations for h 
(see and the section Rh is called the Hamiltonian section associated with h (see 0). 

4. The Hamilton- Jacobi equation on Lie affgebroids 
In this section, we will prove the main result of the paper. 

Let ta ■ A — > M be an affine bundle with associated vector bundle ry : V — > M and suppose 
that h : V* — > A + is a section of the canonical projection p : A + — * V* and that a : M — > A + 
is a section of the vector bundle T4+ : A + — > M. Then, ft, o /1 o a : M — > A + is also a section of 
the vector bundle T4+ : A + — ► M and there exists a unique real function on M, which we will 
denote by f(h, a), such that 

(4.1) a — h o p o a — f(h, q)1a- 
Now, we will prove the result announced above. 

Theorem 4.1. Let ta '■ A — > M 6e a Lie affgebroid modelled over the vector bundle ry : V — > M 
with Lie affgebroid structure ([•, -Jy, D, pa) and (T A V* , [•, •] ~ v , p-') be the prolongation of the 
bidual Lie algebroid (A, [•, -]^, p^) over the fibration Ty : V* —> M . Suppose that h : V* — > A + 
is a Hamiltonian section of the canonical projection p : A + — > V* and £/iai S r(r~ v ) is £/ie 

corresponding Hamiltonian section. Let a E T(ta+) be a 1-cocycle, d A a — 0, and denote by 
Rh £ r(r^) the section of : A — > M given by R^ = pr% oR h o poa, where pr% : T" 4 !/* — > A is 
</ie canonical projection over the first factor. Then, the two following conditions are equivalent: 

(i) For every integral curve c of the vector field p^(R^), that is, c is a curve on M such 
that 

(4.2) p A {R%)(c(t)) = c(t), for all t, 

the curve t — > (p o a o c)(i) on V* satisfies the Hamilton equations for h. 

(ii) a satisfies the Hamilton- Jacobi equation d v (f(h, a)) — 0, that is, f(h,a) is constant 
on the leaves of the Lie algebroid foliation ofV. 

Proof. For a curve c : I = (— e, e) C R — ► M on the base we define the curves j3 : I — > T^* 
and 7 : 7 — ► A by 

/3(i) = /xKc(t))) and j(t) = R%(c(t)). 

Since /ioa and R^ are sections of r{> : V* — > M and : — ► M, respectively, it follows that 
both curves project to c. 

We consider the curve v = (7,/?) in A x TV* and notice the following important facts about v: 

• v(t) isinT^V*, for every t € /, if and only if c satisfies 1)4.2(1 . Indeed 0307 = p^oR^oc 
while Tt v o [3 = c. 
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• In such a case, j3 is a solution of the Hamilton equations for h if and only if v(t) = 
Rh((3(t)), for every tel. Indeed, the first components coincide pri(v(t)) — j(t) and 
pri(Rh(f3(t))) = pri{Rh{pi{a{c{t))))) = R%(c(t)) = "f(t), and the equality of the second 
components is just $(t) — p T y (Rh{(i(t))) . 
We denote by a M = pa which is a section of t v : V* — > M and we also consider the map Ta^ : 
A -> T A V* given by T = (Id, T(a /J ) o p^). We recall that (T c^, a^)*^^ = -d A (h o a M ), 
because of Theorem 13.21 

[(m) =4> (i)] Assume that c satisfies (|4.2|) . so that v(t) is a curve in T A V*. We have to prove 
that v(t) equals to Rh(f3(t)), for every tel. 

The difference d(t) = v(t) — Rh{P(t)) is vertical with respect to the projection pr\ : T A V* — > A, 
that is, pri(d(t)) = 0, for all t (note that pri (?;(£)) = prx(Rh((i(t))) = j(t), for all t). Therefore, 
we have that i](d(t)) = and f2/j(/3(t)) (d(t),^(t)) = 0, for every vertical curve t — > <;(i) (see 
ipPjl and (EHJ). 

Let a : / — > A be any curve on A over c (that is, tto a = c). We consider its image 
under Ta p , i.e., C(i) = (Ta (l )(a(t)) = (a(t),T(n o a)(p A (a(t)))). ^From g2J), it follows that 
v(t) = (Ta /J )(7(t)) is also in the image of Ta^. Thus, using 14.1|l and the fact that Rh is the 
Reeb section of (£lh, ??), we have that 

n h (m)(d(t)X(t)) = n h 09(t))(Ta p (7(t)),T a|i (a(t))) = -d^(fto At oa)(c(t))(7(i),5(t)) 
= (^(/(/ l ,a))AU)(c(t))( 7 W > 5(t)). 

Now, since d v (f(h, a)) = and the inclusion iy : V — ► A is a Lie algebroid morphism, we 
deduce that d A (f(h, a)) A lyi = 0. This implies that 

fi h (/?(i))(d(i),CW) = 0. 

Since any element in (T" V*) (a,), with x £ M , can be obtained as a sum of an element in the 
image of Ta M and a vertical, we conclude that Q,h{P(t))(d(t), v(t)) = Qh(fj,(a(c(t))))(d(t),v(t)) = 
for every curve t — > v{t). Thus, since j](d(t)) — 0, we deduce that d(t) = 0. 
[(i) => (ii)] Suppose that a; is a point of M and that b S V x . We will show that 

(d v (f(h,a)),b)=0. 

Let c : / = (— e, e) — > M be the integral curve of p^(R^) such that c(0) = x. It follows that 
c satisfies (|4.2I) . Let /? = /i o a o c, j — R^ o c and w = (7,/3) as above. Since /3 satisfies 
the Hamilton equations for h, we have that v(t) = Rh((3(t)) for all t. Now, we take any curve 
t — > a(t) in V over c such that a(0) = 6 and denote by t — > a(i) its inclusion in A. Since 
v(f) = Ta M (7(t)) we have that 

= n h (f}{t))(R h (fi{t)),Ta^h(t))) = a h (P(t)){v(t),Ta^{a{t))) 
= n h (p(t))(Ta^(t)),TMm)) = ~d A (h ° /x o a)(c(t))( 7 (f), 5(t)) 
= {d A f{h,a)M A ){c{t))( 1 {t),~a{t)). 

Thus, using that l J 4(c(i))(7(t)) = 1 (note that r](Rh) — 1) and that lyi(a(i)) = 0, we deduce 
that 

0=(d v (f(h,a)))(c(t))(a(t)). 
In particular, at t = 0, we have that (d v (f(h, a)), b) = 0. □ 
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Remark 4.2. Obviously, we can consider as a cocycle a a 1-coboundary a — d A S, for some 
function S on M. Nevertheless, it should be noticed that on a Lie algebroid there exist, in 
general, 1-cocycles that are not locally 1-coboundaries. 

5. Examples 

5.1. The Hamilton-Jacobi equation on Lie algebroids. Let te ■ E — » M be a Lie alge- 
broid over a manifold M. Then, te '■ E — > M is an affine bundle and the Lie algebroid structure 
induces a Lie affgebroid structure on te ■ E — > M. In fact, the dual bundle to E, as an affine 
bundle, is the vector bundle Te+ ■ E + = E* xl-t M, the bidual bundle is the vector bundle 
rg : E = E x R — » M and the Lie algebroid structure ([•, •] pg) on : E = E x R — > M is 
given by 

[(X, /), (y, g)\ E = ({X, Y] E , PE {X){g) - PE (Y)(f)), pz(X, /) = p E (X), 

for (X,/), (F,.g) G r(rg) S L(r s ) x C°°(M), where ([■, is the Lie algebroid structure 

on E. The 1-cocycle \ E on E is the section (0, 1) of t e + ■ E + = £' x 1 ^ M. 
The map : E + = E* x M — > is the canonical projection over the first factor and a 
Hamiltonian section h : E* — > _E + = F xl may be identified with a Hamiltonian function iJ 
on E* in such a way that 

KP X ) = {P x , -H{p x )), for X 6 and x G M. 

Now, if a is a 1-cocycle of te '■ E — > M then a may be considered as the section (a, 0) of 
t e + ■ E + = E* xM-> M and it is clear that (a, 0) is also a 1-cocycle of : E = E x R — ► M. 
In addition, if /(/i, a) is the real function on M characterized by 

a — h o p o a = /(/i, a)l£;, 

it is easy to prove that f(h, a) — H o a. Thus, the equation, 

d E (f(h,a))=Q 

is just the Hamilton-Jacobi equation considered in [7|. 

5.2. The classical Hamilton-Jacobi equation for time-dependent Mechanics. Let r : 

M — > R be a fibration and ti q : JV M be the associated Lie affgebroid modelled on the 
vector bundle it — (ttm)\vt '■ V T — * M. As we know, the bidual vector bundle J 1 r to the 
affine bundle Ti.o : J x t — » M may be identified with the tangent bundle TM to M and, under 
this identification, the Lie algebroid structure on itm '■ TM — > M is the standard Lie algebroid 
structure and the 1-cocycle lji r on ttm : TM — > M is just the 1-form 77 = r*(dt), t being 
the coordinate on R (see Section |2~2|) . If (t, q l ) are local fibred coordinates on M then {-£-r} 
(respectively, {Jj, ^r}) is a local basis of sections of 7r : Ft — ► M (respectively, 7Tm : TM — > 
M). Denote by (t,q % ,q l ) (respectively, (t,q l ,t,q 1 )) the corresponding local coordinates on W 
(respectively, TM). Then, the (local) structure functions of TM with respect to this local 
trivialization are given by 

(5.1) C*- = and p) = S tJ , for i, j, k G {0, 1, . . . , n). 
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Now, let 7T* : V*t — ► M be the dual vector bundle to tt : Vt ->• M and ( J 1 r)+ = T*M be the 
cotangent bundle to M, Denote by (t,q % ,pi) (resp., (t, <f,Pt,Pi)) the dual coordinates on V*t 
(resp., T*M) to (t,q l ,q l ) (resp., (t,q\i,q 1 )). Then, since the anchor map of ir M ■ TM — » M 
is the identity of TM, it follows that the Lie algebroids ■ T™(V*t) — > V*t and ir v * T : 
T(V*t) — > T^*r are isomorphic. 

Next, let He a Hamiltonian section, that is, h : V*t —* (J 1 t) + = T*M is a section of the 
canonical projection /i : ( J 1 r) + = T*M — > V*t. /i is locally given by 

h(t,q\ Pi ) = (t,q i ,-H(t,q i ,p j ),Pi). 

Moreover, the cosymplectic structure (f2/,, 77) on the Lie algebroid irf j : T™ (V*t) = T(V*t) — > 
V*r is, in this case, the standard cosymplectic structure on the manifold y*r locally 

given by (see l|3.6f) and (|5.1|l 'l 

O/i = <ig l A dpi + -^—dq l Adt + — — A di, 77 = c^t . 

Thus, the Reeb section of (£lh,v) 1S the vector field on V^*r defined by 

d dH d dH d 

_|_ | | 

1 dt dpi dq i dq l dpi 
It is clear that the integral curves of Rh 

(*,«*(*),«(*)) 

are just the solutions of the classical time-dependent Hamilton equations for h 

dq l _ dH dpi _ dH 
dt dpi ' dt dq 1 

Furthermore, using Theorem 14. II we deduce the following result. 

Corollary 5.1. Let t : M —* R be a fibration and ri,o : J 1 t M be the associated Lie 
affgebroid modelled on the vector bundle tt — (ttm)\Vt '■ V T M. Let h : V*t —> T*M be a 
Hamiltonian section and Rh be the Reeb vector field of the corresponding cosymplectic structure 
(flfnij) on V*t. Suppose that a is a closed 1-form on M and denote by R^ the vector field on 
M given by Rf t = Tir* o R h o /i o a. Then, the following conditions are equivalent: 

(i) For every integral curve t — ► c(t) of R^, the curve t — > /i(a(c(t))) on V*t satisfies the 
Hamilton equations for h. 

(ii) a satisfies the Hamilton- J acobi equation d Vr (f(h, a)) — 0, that is, the function f(h, a) 
is constant on the leaves of the vertical bundle to t. 

Remark 5.2. i) We recall that the function f(h, a) on M is characterized by the following 
condition 

a — h o u o a = f(h, a)n. 

ii) If the fibers of r are connected then the equation d VT (f(h, a)) = holds if and only if the 
function f(h, a) is constant on the fibers of r. 
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Now, suppose that the fibration r is trivial, that is, M — R x P and r is the canonical 
projection on the first factor. Then, the vector bundle tt* : V*t — > M is isomorphic to the 
product K x T*P (as a vector bundle over M = M x P). Thus, a Hamiltonian section /i : V*t = 
RxT*P T*M = (Ixl)xfP may be identified with a time-dependent Hamiltonian 
function H : R x T*P — > K in such a way that 

h(t,/3) = (t,-H(t,/3),l3), for (i, /?) e R x T*P. 

Moreover, if a is an exact 1-form on M, that is, a = o?VT with W a real function on M = R x P, 
then one may prove that the function f(h, dW) is given by 

dW 

f{h,dW)(t,q) = — +H(t,dW t (q)), for (t, q) £ M = R x P, 

Ct |(t,g) 

where H^t : P — > R is the real function on P defined by 

W t (q) = W(t,q). 

Thus, if P is connected the equation 

d VT (f(h,dW)) = 

holds if and only if the function 

dW 

(t,q) £lx P^ — +H(t,dW t (q)) GR 

doesn't depend on 

This last condition may be locally expressed as follows: 

dW dW 

— h H(t, q l , —r — r) = constant on P 

at ag* 

which is the classical time-dependent Hamilton- Jacobi equation for the function W (see pQ). 

5.3. The Hamilton-Jacobi equation on the Atiyah affgebroid. Let p : Q — » M be a 

principal G-bundle. Denote by $ : G x Q — > Q the free action of G on Q an d by T$ : 
G x TQ — > TQ the tangent action of G on TQ. Then, one may consider the quotient vector 
bundle itq\G : TQ/G — > M — Q/G and the sections of this vector bundle may be identified 
with the vector fields on Q which are invariant under the action Using that every G-invariant 
vector field on Q is p-projectable and that the usual Lie bracket on vector fields is closed with 
respect to G-invariant vector fields, we can induce a Lie algebroid structure on TQ/G. This 
Lie algebroid is called the Atiyah algebroid associated with the principal G-bundle p : Q — ► M 
(see 

Now, suppose that v : M — > R is a fibration of M on R. Denote by r : Q — > R the composition 
t = v op. Then, <i> induces an action : G x J 1 t — > JV of G on J 1 r such that 

^ 1 *(ff,it 1 7)=it( $ s°7), 
for all 5 € G and 7 : I C R — ► Q a local section of r with tel. Moreover, the projection 

n, \G : JV/G - M, [jh] - p(ri,oO* 7)) = p(t(*)) 
defines an affine bundle on M which is modelled on the quotient vector bundle 
n\G : Vt/G -» M, [«J p( g ), for M g G 7,r, 
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7r : Vt — > Q being the vertical bundle of the fibration r : Q — > E. Here, the action of G on Vt 

is the restriction to Vt of the tangent action T$ of G on TQ. 

In addition, the bidual vector bundle of JV/G — > M is 7Tq|G : TQ/G — » M. 

On the other hand, if i is the usual coordinate on R, the 1-form 77 = T*(dt) is G-invariant 

and defines a non-zero 1-cocycle : TQ/G — > R on the Atiyah algebroid TQ/G. Note that 

<^> _1 {1} = J 1 t/G and therefore, one may consider the corresponding Lie affgebroid structure on 

J 1 r/G (see 53)- J y t /G endowed with this structure is called the Atiyah affgebroid associated 

with the principal G-bundle p : Q — > M and the fibration v : M — ► R (see [Hllll|L 

The Lie group G acts on the vector bundles T*Q and F*t in such a way that the dual vector 

bundles to TQ/G and Vt/G may be identified with the quotient vector bundles T*Q/G and 

V*t/G, respectively (see 0). Moreover, the canonical projection between the vector bundles 

(J 1 r/G)+ T*Q/G and y*r/G is the map /i|G given by 

(fj,\G)[a q ] = \pt(a q )], for a q £ T*Q and q £ Q, 

where /z : T*Q -> V*t is the projection between T*Q and y*r. Thus, if h : V*t/G -> 
(J 1 r/G) + = T*Q/G is a Hamiltonian section of /i|G then ft, induces a G-equivariant Hamilto- 
nian section h : V*t — * T*Q such that ft = ft|G, that is, 

h[a q ] = [h(a g )], for a q S V^r and q £ Q. 

Conversely, if ft : V*t — > T*Q is a G-equivariant Hamiltonian section of : T*Q — > V*t then 
ft induces a Hamiltonian section ft : V*t/G T*Q/G such that ft = ft|G, that is, 

h[a q ] = [h(a q )], for a 9 £ V*t and q £ Q. 

Next, we will discuss the relation between the solutions of the Hamilton- Jacobi equation for 
the Hamiltonians ft and ft. In fact, we will prove the following result. 

Proposition 5.3. There exists a one-to-one correspondence between the solutions of the Ha- 
milton- Jacobi equation for h\G and the G-invariant solutions of the Hamilton- Jacobi equation 
for ft. 

Proof. If ptq : TQ — > TQ/G is the canonical projection then ptq is a fiberwise bijective Lie 
algebroid morphism over p : Q — * M = Q/G. Thus, there exists a one-to-one correspondence 
between the 1-cocycles of the Atiyah algebroid tq\G : TQ/G — > M = Q/G and the G-invariant 
closed 1-forms on Q. Indeed, if a : Q —> T*Q is a G-invariant closed 1-form on Q then 
a\G : M = Q/G -» T*Q/G defined by 

(a\G)([q]) = [a(q)], for q£Q, 

is a 1-cocycle of the Atiyah algebroid (note that a\G — (ptq , p)* (ct)) ■ Moreover, if 

a — h o [i o a = f(h, a)n 

then 

a\G - (h\G) o (p\G) o (a\G) = (/(ft, a)\G)4>, 
where /(ft, a)\G : M = Q/G — > R is the real function on M which is characterized by the 
condition 



(5.2) 



(f(h,a)\G)op = f(h,a). 
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Therefore, f(h\G,a\G) = f(h,a)\G. 

On the other hand, if py T ■ Vt — > Vt/G is the canonical projection then py r is a Lie algebroid 
morphism over p : Q — > M = Q/G and, from l|5.2|l . it follows that 

(p VT ,py(d v ^ G (f(h,a)\G)) = d VT (f(h,a)). 

Finally, using that py r is a fiberwise bijective morphism, we conclude that 

d VT/G {f(h, a)\G) = 4^ d VT (f(h, a)) = 0, 

which proves the result. □ 
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